We investigate the dynamics of an Airy pulse that experiences free carrier generated optical linear potential in the vicinity of zero group velocity dispersion (GVD) wavelength inside a Si basedwaveguide. The optically induced potential can be realized by an inhomogeneous medium which possesses a time dependent refractive index. We propose a pump-probe scheme in Si-based waveguide where a strong continuous wave (CW) pump excites free carriers that leads to a linear potential through a time dependent refractive index change which is experienced by the finite energy Airy pulse (FEAP) (probe). The linear potential significantly manipulate the dynamics of a FEAP and leads to a monotonous spectral shift. We mathematically model the dynamics of the Airy pulse using linear dispersion equation containing an optical potential term and establish the general solution of the pulse for non-vanishing third order dispersion (TOD). We derive the expression of the trajectory of FEAP which deviates significantly from its usual ballistic nature and can be tailored with the strength of the linear potential. For positive TOD, the propagating Airy pulse experiences a singularity and flips in time domain. We theoretically derive that for a specific potential strength the flipping region is squeezed to a point and revives thereafter. We propose an exact analytical solution beyond flipping region for this specific case. Our theoretical analysis corroborates well with the numerical results. The present study may be useful in applications related to pulse reshaping and trajectory manipulation.
I. INTRODUCTION
The infinite energy Airy wave packet was first introduced as a solution of the Schrödingers equation in free space in 1979 [1] . Almost thirty years later the concept of finite energy airy beam (FEAB) which contains a decay factor was introduced in the context of optics [2] and it was also experimentally realised [3] . Since this remarkable discovery many works have been reported exploiting the unique features of FEAB like self acceleration, quasi diffraction free and self healing nature [2] [3] [4] . The properties of FEAB in nonlinear regime is also explored extensively where beam reshaping occurs [5] [6] [7] . One is to one correspondence between the spatial diffraction and the temporal dispersion, leads to the concept of finite energy Airy pulse [FEAP] , which is introduced recently as a temporal analogous of Airy beam [8] . Airy pulses are the only waveforms which maintain its width and amplitude in a linear dispersive medium and robust against perturbation. After the discovery of the self healing property of the Airy pulse, several interesting works have been done in the temporal domain like supercontinuum generation [9] , absolute focusing under third order dispersion (TOD) [10, 11] , mimicking event horizon through Airysoliton collision [12] etc. The natural trajectory of the Airy pulse is parabolic as the temporal position of the main lobe of a FEAP, is a quadratic function of the space it sweeps. This is strictly true when FEAP experiences only second order group velocity dispersion (GVD). The regular trajectory of the moving pulse is influenced significantly under higher order dispersions and it can even be * † samudra.roy@phy.iitkgp.ernet.in aritra@iitkgp.ac.in controlled by suitable dispersion engineering [13] . However efficient dispersion engineering is a challenge. For the last few years several works have been reported which discussed about the manipulation of the trajectory of the beam or pulse without hampering the waveguide parameters [14] [15] [16] [17] . The introduction of linear optical potential is found to be an unique technique to control the dynamics of an Airy beam [14, 15] . Using the similar concept, the role of the optical potentials on the dynamics of the Airy pulse is investigated in temporal domain where cross phase modulation (XPM) is used to create a potential that varies linearly or quadratically with time [17] . The realization of the optical temporal potentials opens up new avenues in the study of the FEAP dynamics. In the previous study [17] the effect of higher order dispersions on the pulse dynamics is neglected. It was considered that, the duration of the pulse is long, hence the effects of the higher order dispersions are insignificant. However, this assumption doesn't hold good specially when the pulse experiences a time dependent optical potential. The linear potential leads to a unidirectional frequency shift during propagation and because of that the pulse should experience higher order dispersion. It is obvious that, if the pulse is launched near to the zero group velocity dispersion (GVD) point, after moving a finite distance, it will face strong third order dispersion owing to its unidirectional frequency shifting. Hence it is important to address this issue in order to investigate the full dynamics of the FEAP under linear potential.
In this report, we propose a simple pump-probe scheme inside a Si-waveguide where a FEAP (probe) experiences dynamic refractive index change created through strong CW wave (pump). The CW wave induces free carriers (FCs) through the process of two photon absorption (TPA) [18] . The optically generated FCs lead to a dy-
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namic refractive index change which may act as an optical potential for the FEAP. We critically design the geometry of a Si-based waveguide so that it exhibits two zero GVD profile. The dispersion slope takes alternative signs at zero dispersion points that leads to positive or negative TOD coefficients. It is well-known that under positive third order chromatic dispersion the Airy pulse faces a singularity and the temporal distribution of the pulse reverses after a certain distance [10] . On the other hand if the chromatic dispersion is negative, the robustness of the Airy pulse is enhanced for a larger distance. In this report we study both the cases of positive and negative third order dispersions when the pulse is subjected to the linear potential. Introduction of the potential significantly influence the dynamics of the FEAP. An extra degree of freedom is achieved through the strength of the potential that can be used to engineer the trajectory of the pulse. We derive a full analytical solution of a FEAP that moves under linear potential and theoretically investigate how the pulse trajectory is controlled by the potential strength. Further we establish the general solution of the FEAP for negative third order dispersion and derive the analytical expression of the pulse trajectory that agrees well with the numerical simulations. We extend our theory for positive TOD which is interesting since the Airy pulse experience a singularity at certain propagation distance. By dividing the entire dynamics of the Airy pulse into three regions we derive respective analytical solutions that describe the complicated dynamics of the Airy pulse. The analytical solutions derived by us, facilitate in understanding the peculiar dynamics of the Airy pulse under linear potential for positive dispersion where the pulse flips and moves with a reverse acceleration. All out theoretical expressions are verified by solving the pulse propagating equation numerically.
II. MATHEMATICAL MODEL
An optical potential can be realised by the temporal variation of refractive index [19] . The temporal variation of the refractive index influences the propagation constant of the pulse which in return affects the dynamics of the pulse. In a recent work, the phenomenon of temporal reflection and refraction is explained, where reflection takes place at the temporal boundary across which refractive index changes [20] . In order to realize the optically induced time dependent potential, we propose a scheme where a strong CW pump (ψ 0 ) is injected inside a Sibased waveguide along with a FEAP (see Fig.1(a) ). The CW pump induces free carriers (FCs) through the rate equation [21] :
where N c , β T P A and t c are free-carrier density, TPA coefficient and recombination time, respectively. Normally, t c ∼ 1 ns is very large compared to the pulse width which is typically ∼ 100 fs. Hence, neglecting the carrier recombination time we can have the temporal dependence of carrier density as, N c (t) = ρ T P A |ψ 0 | 4 t, where, ρ T P A = β T P A /2hν 0 . The time dependent carrier density leads to a refractive index change as δn(t) = k c N c = ∆n t t, where k c = 1.35 × 10 −21 cm 3 [22] and ∆n t = ρ T P A k c |ψ 0 | 4 . In our study we consider FEAP is propagating in a dispersive medium with dispersion relation β(ω). The temporal variation of refractive index with the form n = n(ω) + ∆n t t modifies the dispersion relation as,
is the index change per unit time and k 0 = ω 0 /c. In normalised units, the dynamics of FEAP with amplitude U (ξ, τ ) near zero-GVD point under a linear potential Γ(τ ) = f τ can be modelled as,
The actual amplitude of the envelope is rescaled as u = √ P 0 U . z and t(= T − zv
) are the space and time variables in the frame that is moving along the pulse with a group velocity v g where T is the time in the rest frame. The other parameters are normalized as,
0 |β 2 | −1 are the input peak power, width of the primary lobe of the initial FEAP and dispersion length respectively. δ 2 is related to the numeric sign of GVD parameter as, δ 2 = sgn(β 2 )/2. The TOD parameter β 3 is rescaled as,
where β µ is the unnormalized potential coefficient. In Fig.1(b) we schematically show how an FEAP experiences a optical linear potential generated due to the freecarrier induced dynamic refractive-index change. The solution of Eq.(2) without the perturbation of third order dispersion (diffraction) was discussed in a recent study in the context of Airy beam [14] . We consider the initial pulse is of the form U (0, τ ) = Ai(τ ) exp(aτ ), where a is the truncation parameter which makes the infinite energy pulse a finite one. It can be shown that in absence of δ 3 , the pulse evolves as, where, Θ = [a
the phase of the propagating pulse. It is obvious that, in absence of any perturbations (here, δ 3 , Γ) the Airy pulse exhibits self-acceleration in τ − ξ plane along a parabolic trajectory τ p ≈ τ p0 + ξ 2 /4, where τ p is the temporal position of the main lobe of the propagating Airy pulse and τ p0 ≈ −(3π/8) 2/3 denotes the initial temporal position of the main lobe . However, it is evident that, the trajectory of the propagating Airy pulse is affected in presence of linear potential and τ p becomes, τ p ≈ τ p0 + (1 + 2f )
The expression of the temporal position clearly indicates that, depending on the value of the potential strength f one can manipulate the trajectory of an Airy pulse. The acceleration of the Airy pulse can also be altered by changing the numeric sign of f . In Fig.2 we plot the temporal dynamics of FEAP subjected to different values of f . The manipulation of the trajectory is evident for different values of f in τ − ξ plane. It is interesting to note, the acceleration of the Airy pulse in τ − ξ plane which is,
can be nullified for f = −1/2 and therefore the pulse moves in a straight line trajectory (see Fig.2(d) ).
III. DYNAMICS UNDER THIRD ORDER DISPERSION
The power-law optical potential is useful in manipulating the trajectory of FEAP [17] . A unidirectional frequency shift takes place when the FEAP moves under linear potential. It is important to note that, the investigation of the role of linear potential on pulse dynamics is incomplete if we ignore the relevance of TOD, specially when the pulse experiences a frequency shift. In order to realize the importance of TOD in Fig 3(c) we demonstrate the spectral shift of an FEAP (under a linear potential) against normalised GVDδ 2 (Ω). The initial spectra of the input FEAP centred at Ω = 0 moves towards high frequency side as it propagates inside the waveguide. From this illustration it is evident that, the moving Airy pulse experiences a strong TOD as a consequence of spectral shift under linear-potential. For negative potential strength the spectra will move at the low frequency side and encounter the first zero GVD point. Hence for realistic study on linear potential, it is essential to include TOD effect in the pulse dynamics. The temporal dynamics of the FEAP changes radically near the zero-GVD wavelength where TOD is not negligible [10] . The manipulation of the trajectory of the FEAP using linear potential becomes more effective when δ 3 = 0. The slope of the GVD curve at particular wavelength determines the sign of the TOD parameter (δ 3 ). For positive TOD the Airy pulse faces a singularity after propagating a certain distance and propagates with the flipped temporal tail [10] . On the contrary the pulse becomes robust and propagates a longer distance without distortion in case of negative TOD [11] . We study both the cases individually in the context of linear potential. We propose a Silicon based waveguide which shows two zero GVD profile. The two-zero GVD profile is advantageous in order to study the effect of positive and negative TOD together in a single waveguide. The waveguide geometry and related dispersion profile are shown in Fig.3(a) and Fig.3(b) respectively. The slope of the dispersion curve as illustrated in Fig.3(b) is altered across the dispersion minima. So, β 3 values with opposite numeric signs at two different launching wavelengths can be achieved easily for given GVD profile (as indicated by the red dots in Fig.3(b) ). We have evaluated the values of GVD parameter (β 2 ) and TOD parameter (β 3 ) in real units by using COM-SOL multi-physics software for the proposed waveguide. The values of GVD and TOD coefficients are β 2 =-0.038 ps 2 /m and β 3 =0.0011 ps 3 /m respectively at the first launching wavelength λ 1 = 2425 nm. For the second launching wavelength, λ 2 =3200 nm, the values are β 2 =-0.043 ps 2 /m and β 3 =-0.0015 ps 3 /m. Note that,the numeric signs of β 3 are opposite for two launching wavelengths which is desirable in our study. The values of the normalised TOD parameter that we have used in our simulation ranges between 0.05 to 0.1 which can be achieved for the pulse-width ranging between 50 fs to 100 fs. (e.g. for λ 1 , δ 3 ≈ 0.08 for t 0 = 60 fs ; similarly, for λ 2 , δ 3 ≈ -0.08 for t 0 = 75 fs). The analytical solution derived in Eq.4 is verified by direct numerical simulation for a fixed TOD parameter and they agree well (upper panels of Fig .4(a) -(b) ). From the phase information of the analytical solution we find that the presence of linear potential results a linear frequency shift ∆Ω = f ξ, which is illustrated in Fig. 4(c) and (d). The potential term present in the argument of the propagating Airy pulse modifies the trajectory significantly. In Fig.5 we plot the temporal dynamics of the pulse for different potential strengths (f ) with δ 3 < 0. In Fig.5(a) the pulse does not experience any optical potential and it follows a nearly parabolic trajectory which is expected. But the trajectory deviates from the parabola in Fig.5(b)-(d) when f is non-zero. Hence,we have an additional parameter in terms of potential strength f that can manipulate the trajectory of the pulse. The general form of the temporal position of the primary lobe of the FEAP is evaluated as, Eq.5 provides us the insight about the temporal trajectory of the FEAP under TOD and linear potential. It is evident that the natural quadratic dependence of ξ is no longer valid for non-zero f . The new power law trajectory is sensitive to the numeric sign of f as well as δ 3 . We illustrate the numerically obtained temporal dynamics of FEAP for different potential strength in Fig.5 for a fixed δ 3 . Based on the solution derived in Eq.4, we theoretically calculate the trajectory (Eq.5) of the moving pulse (white dashed lines in the mesh plots of Fig.5 ) and it agrees well with the numerical path. The analytical envelopes (black dashed line in the upper panel) are also in agreement with the numerical output (shaded region). In Fig. 6(a) and (b) we plot the variation of τ p as a function of potential strength f and TOD parameter δ 3 , respectively at a fixed distance. The theoretical expression of τ p as denoted by the solid lines in 6(a) and (b) agrees nicely with the numerical results (solid dots). The temporal location of the main lobe of the FEAP at output largely depends on f . However we can define a critical f = 1/|δ 3 |ξ(3 + c 3 ) for which the deviation of the FEAP is minimal. Note that, for fix ξ, τ p changes linearly with δ 3 (see Fig. 6(b) ). These might be some useful information in manipulating the trajectory of the FEAP. In this section we investigate the role of linear potential on Airy dynamics considering the slope of GVD as positive (δ 3 > 0). For δ 3 > 0 , the parameter c becomes c = (1 − 3δ 3 ξ) 1 3 , which means Eq.4 will experience a singularity at some specific distance ξ f lip = (3δ 3 ) −1 . The natural dynamics of the Airy pulse is interrupted by this singularity and it experiences a temporal flipping followed by a reverse acceleration [10] . In Fig.7 we illustrate the temporal dynamics of an Airy pulse for δ 3 > 0(= 0.08) with different potential strength. The over all dynamics is divided into three regions, (i) Region 1 : initial ballistic trajectory, (ii) Region 2: the singularity zone and (iii) Region 3: the temporal flipping. The potential strength f doesn't change the spatial position of the flipping point ξ f lip (≈ 4.16) but influences Region-2 by reshaping the area of the singularity zone. Region 2 can be expanded (Fig.7(a) ) or compressed ( Fig.7(d) ) depending on the value of f . Even the area can be compressed to a single point for a specific value of f ( fig.7(c) ) . In the following sections we describe in detail the behaviour and trajectory of the pulse separately for all three regions.
Before facing the singularity (i.e ξ < ξ f lip ) the analytical form of the propagating FEAP is same as Eq.4 with c = (1 − 3δ 3 ξ) 1 3 . The general solution reveals that, the trajectory of the pulse can be deviated from the usual ballistic trajectory (f = 0) if the strength of the potential (f ) is introduced. It is in fact quite similar to the case of the negative TOD. In Fig.8 we show the trajectory of the Airy pulse for different values of f for a fixed δ 3 (= 0.08) in the regime ξ < ξ f lip . The acceleration of the pulse is efficiently controlled by the strength of the potential. The temporal location of the main lobe is mapped analytically (white dashed line) by using Eq.5 which agreers well with simulated trajectory indicated by the density plots in Fig.8 . The linear potential plays an interesting roll as per as the energy confinement of the main lobe is concerned. The growth rate of the peak power of the main lobe of a FEAP is found to be a function of potential strength f . We illustrate this in Fig.9(a) , where the peak power of the FEAP is plotted as a function of ξ for different f with a fixed value of δ 3 (= 0.08). It is worthy to note that the peak power of the primary lobe of the pulse enhances monotonically for f = −1 compare to the case when f = 0 or f = +0.5 and reaches to a maxima at focusing point ξ = 1/3δ 3 . On the other hand for f > 0 the peak power reduces sharply. The confinement of power is not solely dependent on f but also controlled by δ 3 . In Fig. 9(b) we plot P max as a function of ξ for a fixed potential strength (f = −1). As expected, the location of the focusing point (where P max reaches to a maxima) shifts according to δ 3 value. It is also noted that the maximum power confinement is improved for relatively lower δ 3 . In order to understand the role of f in energy confinement, in Fig.9 (c) we plot peak power as a function of f for a given distance L(L ξ f lip ) using δ 3 as a parameter. It is evident form this plot (Fig.9(c) ) that the peak power reaches to a maxima for a specific potential strength (say f 0 ) which depends on δ 3 . The location of f 0 is indicated by the vertical dashed line which shifts towards more negative values for relatively lower δ 3 . If we analyse the solution derived in Eq.(4) and minimize the decay factor we can get a compact analytical expression of critical potential strength f 0 = −(3δ 3 L) −1 , for which the peak power is maximized. Here L(L ξ f lip ) is the distance propagated by the pulse before reaching the flipping point. It is interesting to note that, at the limiting point (L = ξ f lip ) the value of f 0 becomes −1 which is independent of δ 3 . In the following section we will try to understand why specifically at f 0 = −1 we achieve maximum peak power. In order to validate the generalised expression, f 0 = −(3δ 3 L) −1 , for a given L(< ξ f lip ) we calculate f 0 at which the peak power of the main lobe reaches to maxima and plot it as a function of δ 3 in 9(d) where numerical data (solid dots) agree well with analytical formula (solid line). 
Region 2 (ξ
Region-2 is the most important phase of Airy pulse propagation when δ 3 > 0. In this region the propagating pulse faces a singularity and the unique characteristic of the Airy pulse is lost and it converges to a gaussian pulse. The area of the region-2 generally depends on the strength of TOD parameter δ 3 . For a very high δ 3 , the Airy pulse reaches to a finite-size focal area and region-2 can be squeezed to a point [10] . However, the tight focusing of the Airy pulse is not solely dependent on the strength of TOD but the linear potential may play a significant role. Airy pulse loses its characteristic shape at singular point defined in region-2 and form a Gaussian pulse as,
where, the characteristic width is defined as τ f = 2∆/ √ a with ∆ = a 2 + χ 2 and χ = (ξ f lip + 3f
The amplitude U 0 and phase ψ are defined
, respectively. From the expression of the Gaussian pulse, that emerges at singular point, it is evident that the potential strength f can control the area of region-2 by manipulating the characteristic width of the pulse. The dynamics of the Airy pulse for different f are already shown in Fig.7 . The figure indicates that the flipping area increases for positive f value ( Fig.7(a) ) and decreases for negative f (Fig.7(d) ). The flipping area merges to a focusing point (Fig.7(c) ) for f = −1 where all energy is confined. This feature is unique and can be explained easily from the expression of the width of the Gaussian pulse that is formed at singular point ξ f lip . The full-width at half maxima (FWHM) of the pulse is defined as, The area of the flipping region depends on the width of the pulse. Note, for a very large δ 3 the τ F W HM becomes smaller and the flipping region reduces to a point. Interestingly, the strength of the linear potential f now acts as an additional variable to control the τ F W HM . In fact for f = −1 we have the minimum width and that is indeed the condition of absolute focusing (see Fig. 7(c) ). In fig.10(a) we plot the Gaussian distribution of the Airy pulse at singular point for different values of f and the variation of the width is evident. Generally the truncation parameter (a) is small and from Eq.7 it is easy to show that, at fixed δ 3 , τ F W HM changes linearly with f as τ F W HM ≈ |(1 + f )|ξ f lip 2 ln 2/a and becomes almost zero for f = −1. In Fig.10(b) we illustrate this feature where the width almost vanishes at f = −1 which corresponds to the absolute focusing point. This is consistent with the previous investigation where we find for f = −1 the primary lobe of the FEAP carriers maximum power if the pulse propagates up to the flipping point (ξ = ξ f lip ). In this section we investigate the behavior of the FEAP beyond the flipping region (ξ > ξ f lip ). Due to the perturbation of the TOD, the initial Airy pulse flips in temporal domain and propagates with a reverse acceleration [10, 23] . The Airy pulse is converted to a Gaussian pulse at singular point (ξ = ξ f lip ) and again forms an Airy pulse with inverted temporal wings for ξ > ξ f lip . Assuming the initial shape as Gaussian and resealing the distance parameter ξ = (ξ − ξ f lip ), it is possible to obtain the analytical expression of the inverted Airy pulse for ξ > ξ f lip [23] . dynamics of the FEAP is dramatic as it experiences a singularity at a specific distance. The FEAP temporally flips at the singular point and then moves with a reverse acceleration. The entire dynamics of the FEAP is divided into three distinct regions and all the regions are studied thoroughly. The linear potential plays a dominant role in energy confinement of the main lobe during the propagation of FEAP. This phenomenon has potential applications in remote energy transfer and pulse reshaping. Nano-particle manipulation, optical routing are other few applications where manipulated Airy dynamics (through optical potential) may be useful.
